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The quantum fluctuation of the relative location of two (n−1)-dimensional de Sitter branes
(i.e., of n spacetime dimensions) embedded in the (n + 1)-dimensional anti-de Sitter bulk,
which we shall call the quantum radion, is investigated at the linear perturbation level. The
quantization of the radion is done by deriving the effective action of the radion. Assuming the
positive tension brane is our universe, the effect of the quantum radion is evaluated by using the
effective Einstein equations on the brane in which the radion contributes to the effective energy
momentum tensor at the linear order of the radion amplitude. Specifically, the rms effective
energy density arising from the quantum radion is compared with the background energy
density. It is found out that this ratio remains small for reasonable values of the parameters of
the model even without introducing a stabilizing mechanism for radion, although the radion
itself has a negative mass squared and is unstable. The reason behind this phenomenon is also
discussed.
I. INTRODUCTION
Based on the idea of a brane-world suggested from string theory [1], Randall and Sundrum proposed an
interesting scenario that we may live on either of two boundary 3-branes with positive and negative tensions
in the 5-dimensional anti-de Sitter space (AdS) [2,3]. One of the attractive features of the Randall-Sundrum
(RS) scenario is that the gravity on the brane is confined within a short distance from the brane even for an
infinitely large extra-dimension [3,4]. This applies to the positive tension brane and it is because the AdS bulk
on both sides of the positive tension brane shrinks exponentially as one goes away from the brane.
Since the RS scenario gives an exciting, new picture of our universe, it is clearly important to study various
aspects of this scenario to test it or to give constraints on its parameters. One good example is an analysis
done by Garriga and Tanaka [5], in which they have shown that the radion in the original RS scenario acts
as a Brans-Dicke scalar on the branes at the linear perturbation order and the effective gravity is that of a
Brans-Dicke theory with positive and negative Brans-Dicke parameters on the positive and negative tension
branes, respectively, where the values of the Brans-Dicke parameters are determined by the distance between
the two branes. In a previous paper, we have shown that essentially the same situation arises in the case of two
de Sitter (dS) branes embedded in the AdS bulk. However, we have also shown that the radion effectively has a
negative mass squared with its absolute value proportional to the curvature of the dS brane, hence is unstable
if it can fluctuate by itself without the matter energy momentum tensor.
The phenomenon we shall study in this paper is the quantum fluctuation of this mode, called the quantum
radion. To make clear what we mean by the quantum radion, let us describe the mode in more detail. Our
brane universe may be displaced from the 0th order trajectory of a homogeneous and isotropic brane. By
appropriately fixing the coordinate gauge, the displacement perpendicular to the brane can be described by a
scalar function on the brane. Assuming there are two branes that are fixed points of the Z2 symmetry, it can
be shown that only the relative displacement of the two branes is physical, which we call the radion. There
are two distinctively different kinds of displacement of a brane: the “bend” and “fluctuation”. The bend is a
type of displacement due to inhomogeneities of the matter energy-momentum tensor on the brane. The trace
of the energy-momentum acts as an additional tension of the brane, and the brane must “bend” accordingly.
The relative bend is described by the mode of radion that couples with the source on the branes, and it can
be written as a functional of the energy-momentum tensor [4,5]. In the context of the quasi-localized gravity
discussed by Gregory, Rubakov & Sibiryakov [6], the role of this type of radion has been extensively studied
[7–11]. On the other hand, the “fluctuation” is a type of displacement that is purely geometrical, which obeys
a free wave equation without source. The relative displacement of this kind is the mode of radion which we
shall discuss in this paper. This mode of radion was studied first by Charmousis, Gregory and Rubakov for
the RS branes whose effective radion mass is zero by solving the field equations for the RS branes [12] and by
Chacko and Fox [13] for the dS and AdS branes whose effective radion mass squared are negative and positive,
respectively.
The fact that the radion mass squared is negative (or zero) suggests the (marginal) instability of the two
brane system. In fact, in the case of the original RS flat two brane model [2], the negativity of the Brans-Dicke
parameter on the negative tension brane [4] can be regarded as a result of this marginal instability. To recover
the stability, Goldberger & Wise introduced a bulk scalar field [14] that couples to the branes in such a way
that the distance between the two branes is stabilized. However, it should be also noted that the effective
Brans-Dicke parameter on the positive tension brane is positive and it can be large enough to be consistent
with experiments for the separation of the branes larger than the AdS curvature radius at least at the linear
perturbation order [4]. Hence a stabilization mechanism may be unnecessary if we live on the positive tension
brane. We therefore do not introduce a stabilization mechanism.
We shall work on the system that consists of an (n + 1)-dimensional AdS bulk spacetime bounded by two
branes of constant curvature that are fixed points of the Z2-symmetry. The zero-curvature branes correspond
to the flat RS branes [2,3], while the positive-constant curvature branes correspond to the dS branes [15]. Our
main concern is of course the dS brane case, but we treat the flat brane case simultaneously to make clear the
similarities and differences between the two cases.
The dS brane case is of particular interest because it gives a good model of braneworld inflation. In the
standard 4-dimensional inflation, the quantum vacuum fluctuations play a very important role. It is therefore
natural to ask if the quantum radion fluctuations play an important role, if not disastrous, in the braneworld
inflation.
It should be mentioned that historically a very similar situation was analyzed by Garriga and Vilenkin [16,17]
in which they considered the fluctuations of a thin domain wall in (N + 1) spacetime dimensions. Although
they assumed the Minkowski background, many of the results obtained there apply equally to the present
case. In particular, they showed that the wall fluctuation mode is represented by a scalar field living on the
N -dimensional de Sitter space which describes the internal metric on the domain wall, and the scalar field has
the negative mass squared −NH2.
The paper is organized as follows. In Sec. II, we describe the background spacetime and our notation. In
Sec. III, we solve the perturbation equation in the bulk that describes the radion mode. We find there is a
gauge degree of freedom that should be carefully treated in the dS brane case in contrast to the flat brane case
where no such subtlety arises. In Sec. IV, assuming the dependence on the extra dimensional coordinate that
solves the perturbation equation in the bulk, we derive the effective action for the radion and quantize it. In
Sec. V, based on the result obtained in Sec. IV, we evaluate the effective energy density of the radion on the
brane which is present at the linear order in the radion amplitude, and estimate its effect by calculating the rms
value. We find the effect remains small for reasonable values of the model parameters even though the radion
itself is unstable. In Sec. VI, we summarize our results and discuss the implications.
II. BACKGROUND
First, we summarize the basic equations of the system and explain our notation. The system we consider is
a Z2 symmetric (n+ 1)-dimensional bulk spacetime with two (n− 1)-dimensional branes as the fixed points of
the symmetry. The bulk metric gab obeys the (n+ 1)-dimensional Einstein equation:
(n+1)Gab + Λn+1gab = κ
2 Tab , (2.1)
where κ2 is the (n+1)-dimensional gravitational constant, Λn+1 is the (n+1)-dimensional cosmological constant
which we assume to be negative, and Tab is localized on the branes. We use the Latin indices for (n + 1)-
dimensional tensor fields in the bulk and the Greek indices for n-dimensional tensor fields on the brane. Denoting
the n-dimensional metric on the brane by qµν , we decompose the localized energy momentum tensor Tab into
the tension part −σqµν and the matter part τµν . Then Eq. (2.1) reduces to
2
(n)Gµν + Λnqµν = κ
2
nτµν + κ
4πµν − Eµν (2.2)
on the brane [18], where πµν is a tensor field quadratic in τµν , and Eµν is the projected (n+1)-dimensional Weyl
tensor defined by Eµν :=
(n+1)Caµbνnan
b with na being the unit vector normal to the brane. The constants Λn
and κ2n are related to the basic constants of the systems as
∗
Λn :=
n− 2
n
κ2
(
Λn+1 +
n
8(n− 1)κ
2σ2
)
, κ2n :=
n− 2
4(n− 1)σκ
4. (2.3)
It may be noted that although the decomposition of Tab is not unique, there is no arbitrariness in the metric
on the brane.
We consider branes with τµν = 0. Looking at Eq. (2.2), we see that the Eµν term can be considered as the
effective energy-momentum tensor on the brane induced by the bulk gravitational field,
τEµν := −
1
κ2n
Eµν . (2.4)
The background we consider is the RS brane system and the dS brane system. To be more precise, the bulk is
the (n+ 1)-dimensional anti-de Sitter spacetime (AdSn+1) whose metric may be written as
ds2 = g˜abdx
adxb = b2(z)
[
dz2 + γµνdx
µdxν
]
; b(z) =
ℓ
√K
sinh
√Kz , ℓ =
[
−n(n− 1)
2Λn+1
]1/2
(2.5)
where γµν is the metric of a Lorentzian n−dimensional constant curvature space with curvature K = 0 or K = 1,
and ℓ is the curvature radius of AdSn+1. The function b(z) is called the warp factor. The two branes are placed
at the coordinates z = z+ and z = z− (z+ < z−) with their tensions and cosmological constants given by
σ± = ±2(n− 1)
κ2ℓ
cosh(
√
Kz±) and Λn,± = 1
2
(n− 1)(n− 2)K
b2(z±)
, (2.6)
which satisfy the effective Einstein equations with τµν,± = 0 and Eµν,± = 0. The choice K = 0 corresponds to
the RS brane system while K = 1 corresponds to the dS brane system. Note that the n-dimensional gravitational
constant κ2n on the positive tension dS brane is related to that on the positive tension RS brane, say κ
2
n,RS, as
κ2n = κ
2
n,RS cosh z+.
Although we perform most of our calculation in the coordinate system with z, sometimes it is more convenient
to use the coordinate system with the proper distance coordinate r defined by
dr = −b(z)dz . (2.7)
It is also useful to introduce the rate of the change in the warp factor b(z) in the r coordinate, which we shall
denote by J(z),
J(z) :=
∂rb
b
= −∂zb
b2
=
cosh
√Kz
ℓ
. (2.8)
III. RADION MODE IN THE BULK
In this section, we consider the gravitational perturbation on the background described in the previous section.
Our analysis is a generalization and a reformulation of [12] which discussed the RS brane system (K = 0). The
4-dimensional dS and AdS brane system was discussed in [13].
We denote the gravitational perturbation by hab to the background metric g˜ab, i.e., gab = g˜ab+hab where gab
is the full metric. We choose the RS gauge with respect to the positive or negative tension branes and denote
∗There is a typo in the corresponding equation in [5].
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the gravitational perturbation in this gauge by h
[±]
µν and the coordinates by {r[±], xµ[±]}. The RS gauge condition
is
h
[±]
55 = h
[±]
5µ = h
[±]µ
µ = h
[±] ;ν
µν = 0 . (3.1)
In the RS gauge, the Einstein equations (2.1) simplify to[
1
bn−1
b∂rb
n−1b∂r +✷n − 2K
]
h
[±]
µν
b2
= 0 . (3.2)
Since h
[±]
ab n
a = 0, we may use Eq. (A23) of [5] to obtain the boundary condition on h
[±]
ab . Expressing the
perturbed locations of the branes in terms of ϕ[±](x) as
r[+] = r+ + ϕ
[+](x) and r[−] = r− + ϕ
[−](x) , (3.3)
where r± denote the positions of the background branes, we have
b∂r
[
h
[±]
µν
b2
]
=
2
b
Lµνϕ[±] at r[±] = r± ∓ 0 , (3.4)
where
Lµν := DµDν +Kγµν . (3.5)
Note that τµν,± is set to zero as we are interested in the gravitational perturbation that does not couple with
the matter on the brane. It should be noted here that Eq. (A23) of [5] is defined from the side with the smaller
value of r, while in this paper the boundary condition at the negative tension brane is given from the larger
value of r; r[−] = r−+0, hence the signature is reversed. In passing, we also note that Eq. (3.4) may be derived
by first introducing the Gaussian normal coordinates with respect to the branes and transforming them to the
RS gauge, as was done in [12].
With the junction condition (3.4) at hand, we consider a particular solution of the form,
h[±]µν = b
2u(z)Lµνϕ[±](xµ) . (3.6)
The traceless condition on the metric perturbation in the RS gauge demands ϕ[±] to satisfy
[−✷n − nK]ϕ[±] = 0 , (3.7)
which implies
[−✷n + nK]Lµνϕ[±] = 0 . (3.8)
Then Eq. (3.2) reduces to [
1
bn−1
∂zb
n−1∂z + (n− 2)K
]
u(z) = 0 . (3.9)
The general solution to this equation is obtained as follows. First, it is easy to see that u(1)(z) = ℓJ(z) is a
solution. Note here the identity ∂zJ(z) = Kb−1(z). Then the other independent solution, u(2)(z), may be found
using the Wronskian of the above equation, which is
u(2)n (z)= ℓ
n−2J(z)
∫ z
dz′ J−2(z′)b1−n(z′) . (3.10)
Thus, the general solution of the form (3.6) is
h[±]µν = b
2ℓ−1
(
C [±]u(1)(z) +D[±]u(2)n (z)
)
Lµνϕ[±] , (3.11)
where C [±] and D[±] are constants.
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Note that there is an ambiguity in u(2)(z) which depends on the choice of the integration constant. The
change of it induces the change of the coefficient C [±]. This implies the solution u(1) represents a gauge degree
of freedom. In fact, if we evaluate E
[±]
µν , we obtain
E[±]µν = −
1
n− 1 [∂
2
z −K]
(
h
[±]
µν
b2
)
= −(b/ℓ)2−nℓ−1D[±]Lµνϕ[±] , (3.12)
which is independent of C [±]. Note also that the z-dependence of Eµν is clearly consistent with the boundary
condition at the branes with no source on it, ∂z(b
n−2Eµν) = 0 [5].
Since Eµν is a gauge-invariant tensor field, we see that the displacement of the branes should be related as
D[+]ϕ[+] = D[−]ϕ[−] . (3.13)
With the above relation at hand, we can use a residual gauge degree of freedom in the RS gauge to bring the
two different sets of the coordinates {xa[±]} to the same coordinates, say {xa}. This is done by an infinitesimal
coordinate transformation,
r → r + ξˆr(xµ) , xµ → xµ + ℓ
2
B−2ξˆr|µ(xµ) + ξˆµ(xµ) ; (3.14)
ξˆr =
K
2
[
C [±] − αD[±]
]
ϕ[±] , ξˆµ =
1
2ℓ
[
C [±] − αD[±]
]
ϕ
[±]
|µ , (3.15)
where α is the yet remaining gauge parameter and the function B(z) is defined as
B−2 := − ℓ
2
[∫ z
0
b−2dr
]−1
=
2
ℓ2
cosh
√Kz − 1
K =
{
b−2 (K = 0)
2
ℓ
(J − ℓ−1) (K = 1) . (3.16)
The metric perturbation in the unified coordinates {xa} is
hµν = b
2ℓ−1
(
αu(1)(z) + u(2)(z)
)
D[±]Lµνϕ[±] , (3.17)
and the branes are now placed at
r = r± +
(
1 +
K
2
[
C [±] − αD[±]
])
ϕ[±] . (3.18)
We note that the positions of the two branes cannot fluctuate independently in this unified gauge because of
Eq. (3.13). This shows the nature of the radion that it describes the relative displacement of the branes.
With the above form of the metric perturbation and the locations of the branes, we find that the boundary
condition on hab gives
D[±] = − 2ℓ
αKℓ + b±∂zu(2)(z±)
(
1 +
K
2
[
C [±] − αD[±]
])
, (3.19)
which implies
1 +
K
2
C [±] +
b±∂zu
(2)(z±)
2ℓ
D[±] = 0 . (3.20)
An apparent complication in the case of K = 1 is that this seems to constrain the values of C [±] which is just
unphysical, gauge parameters. This can be resolved by considering the integration constant term in u(2) defined
in Eq. (3.10). For a change of C [±] as
C [±] → C [±] + β , (3.21)
we consider the simultaneous change of the integration constant term in u(2) as
u(2) → u(2) − (D[±]β)u(1) , (3.22)
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which results in
∂zu
(2) → ∂zu(2) −D[±]βKℓ
b
. (3.23)
This combined change of C [±] and the integration constant term in u(2)(z) leaves Eq. (3.20) as well as h
[±]
µν
unchanged. One can also see from Eq. (3.23) the reason for the simplification in the case of K = 0, i.e., the
change of u(2) does not affect ∂zu
(2) if K = 0.
Introducing ϕ˜(x) defined as
ϕ˜ := −D
[+]ϕ[+]
2ℓ
= −D
[−]ϕ[−]
2ℓ
, (3.24)
the results are summarized as
• hµν = −2b2(αu(1) + u(2))Lµν ϕ˜ and Eµν = 2(b/ℓ)2−nLµν ϕ˜
•
(
positive
negative
)
brane at r = r± + L(z±;α)ϕ˜
(3.25)
where L(z;α) := αℓK + b(z)∂zu(2)(z) and ϕ˜ satisfies
[−✷n − nK] ϕ˜(xµ) = 0 . (3.26)
As it should be clear by now, the parameter α describes the residual freedom of the RS gauge in the unified
coordinates. corresponding to the coordinate transformation, r → r + Kf(xµ) and xµ → xµ + Jf |µ(xµ) with
f(xµ) satisfying Lµµf(xµ) = 0.
IV. QUANTUM RADION
Given the initial data for ϕ˜, we obtain the full time evolution of the fluctuations of the brane by solving
Eq. (3.26). As the initial data, it is natural to assume that ϕ is classically null, and only the quantum vacuum
fluctuations are present.
To consider the quantum fluctuations of the brane, we need the action for ϕ˜ in the first place. We obtain
it by substituting the classical solution (3.25) into the original action of the system, but without constraining
ϕ˜(x) to satisfy Eq. (3.26). This is because thus obtained action is already maximized except for the degree of
freedom for the brane to fluctuate and hence is adequate for the quantization of such a degree of freedom [19].
Our system consists of identical bulk spacetimesM1 andM2 with branes Σ+ and Σ− that are the boundary
hypersurfaces ofM1 andM2 with tensions of σ+ and σ−, respectively; ∂M1 = Σ+ ∪Σ− and ∂M2 = Σ+ ∪Σ−.
The action of such a system is given by
I = IR-2Λ,1 + IR-2Λ,2 + IK,1 − IK,2 + Iσ+ + Iσ− ;
IR-2Λ,1 :=
1
2κ2
∫
M1
√−g dr dnx
[
(n+1)R− 2Λn+1
]
, IK,1 :=
1
κ2
∫
∂M1
√−q dnxK , Iσ± := −
∫
Σ±
√−q dnxσ± , (4.1)
where qab := gab − nanb, Kab := q ca q db ∇cnd and na is a unit vector normal to the branes, pointing fromM1 to
M2. The substitution of hµν and the locations of the branes given by Eq. (3.25) into the action (4.1), We find
I(2)[ϕ˜] =
(n− 1)(n− 2)ℓn−1
κ2
N(n−2)K
∫
dnx
√−γ ϕ˜[✷n + nK]ϕ˜ , (4.2)
where
N(n−2)K := ℓ
n−3
∫ z−
z+
dz′b3−n =
1
(n− 2)ℓ
[
b−∂zu
(2)(z−)− b+∂zu(2)(z+)
]
. (4.3)
The normalization factor N(n−2)K is found to be identical to the one introduced in [5] for the normalization of
the radion mode of Eµν . Details of the derivation and its comparison with those by Chiba [20] and by Chacko
and Fox [13] are given in Appendix A.
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Since N(n−2)K > 0, we may normalize ϕ˜ as
ψ(xµ) :=
√
2(n− 1)(n− 2)N(n−2)K ℓ
κ2
(
ℓ
b+
)n−2
ϕ˜(xµ), (4.4)
such that the action reduces to that of a scalar field ψ(x) with the mass squared m2 := −nKb−2+ on the positive
tension brane:
I(2)[ψ] =
∫
dnx
√−q+ [− 1
2
qµν+ ∂µψ∂νψ −
1
2
m2ψ2
]
, (4.5)
where q+µν := b
2
+γµν is the intrinsic metric of the positive tension brane. Here and below, we focus on the
positive tension brane, but the parallel arguments apply to the negative tension brane except for the difference
in the normalization factor.
In terms of ψ(xµ), we see from Eq. (3.25) that Eµν is given by
Eµν = NE
(
b+
b
)n−2
LTLµν ψ(x) , (4.6)
where
NE =
√
2
(n− 1)(n− 2)N(n−2)K
κ2
ℓ
(
ℓ
b+
)n−2
,
LTLµν = Lµν −
γµν
n
γαβLαβ = DµDν − γµν
n
✷n . (4.7)
Here it may be appropriate to make a comment on the form of Eq. (4.6) in which the operator Lµν is replaced by
its traceless part. In the previous section, we considered only the classical solution for the radion fluctuations,
hence we were allowed to use the equation of motion to express Eµν in terms of the radion field, and the
equation of motion for the radion was derived from the traceless condition of the RS gauge. When we consider
the quantum radion, however, Eµν must be traceless at the off shell level as well. This means that the traceless
condition of the RS gauge should not be used to express Eµν in terms of the radion field. Instead, one has to
go back to the original definition of the Weyl tensor in terms of the metric perturbation whose trace may not
be null. This is the reason for the appearance of the traceless part of L in Eq. (4.6).
Now that we have obtained the action for the fluctuation of the brane, which is of the form of the scalar field
action, we may canonically quantize it in the ordinary way. Adopting the flat coordinate chart on the brane,
which is specified as
ds2+ = b
2
+γµνdx
µdxν = a2(η)
[−dη2 + (dx)2] (a(η) := b+
(1−K)−Kη , H+ :=
∂ηa
a2
= Kb−1+
)
, (4.8)
we obtain
ψ̂(η,x) =
∫
dn−1k
[
aˆkψk(η)e
ik·x + aˆ†
k
ψ∗k(η)e
−ik·x
]
, (4.9)
where aˆk and aˆ
†
k
satisfy the commutation relations,
[aˆk, aˆ
†
k′
] = δ(k − k′) , [aˆk, aˆk′ ] = [aˆ†k, aˆ†k′ ] = 0 , (4.10)
and {ψk(η)} satisfies the equation of motion,[
d2
dη2
− (n− 2)K
η
d
dη
+ k2 − nK
η2
]
ψk(η) = 0 , (4.11)
with the normalization condition,
ψk
d
dη
ψ∗k − ψ∗k
d
dη
ψk =
2i
an−2
. (4.12)
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As a natural choice for the vacuum we choose the Bunch-Davis vacuum, for which we have
ψk(η) =

e−ikη√
2k
(K = 0),
√
π
2
b
−(n−2)/2
+ (−η)(n−1)/2H(1)(n+1)/2(−kη) (K = 1),
(4.13)
whereH
(1)
λ (z) is the Hankel function of the first kind. For K = 1, this would correspond to choosing the de Sitter
invariant vacuum if the mass squared were positive. Note that the rms amplitude of the vacuum fluctuations
per logarithmic interval of k exhibits an infrared divergence in the limit η → −0,√
kn−1|ψk(η)|2 ∝ 1|kη| . (4.14)
We now focus on the case K = 1, which is of cosmological interest, and consider the effect of the quantum
radion on the brane. As noted, ψ shows an instability which grows as (−η)−1 ∝ a(η). However, what one can
detect on the brane is Eµν given by Eq. (4.6) which acts as the effective energy-momentum tensor, Eq. (2.4).
To see its behavior, let us spell out the components of Eµν explicitly. The components for each k mode are
E00= NE
[
n− 1
η
(
∂
∂η
+
1
η
)
− k2
]
ψkY ,
E0j= NE(−k)
[
∂
∂η
+
1
η
]
ψkYj ,
Eij= NEk
2ψkYij +NEδij
[
1
η
(
∂
∂η
+
1
η
)
− k
2
n− 1
]
ψkY (4.15)
where Eq. (4.11) has been used, and Y , Yj , and Yij stand for
Y = eik·x , Yj = −ikj
k
Y , Yij =
(
−kikj
k2
+
δij
n− 1
)
Y . (4.16)
Inserting the explicit form of ψk given in Eq. (4.13), we find
E00= N˜E k
2(−kη)(n−1)/2H(1)(n−3)/2(−kη)Y , ELij =
δij
n− 1E00 ,
E0j= N˜E k
2(−kη)(n−1)/2H(1)(n−1)/2(−kη)Yj ,
ETij= N˜E k
2(−kη)(n−1)/2H(1)(n+1)/2(−kη)Yij , (4.17)
where ELij and E
T
ij denote the trace and traceless part of Eij , respectively, and
N˜E = NE
√
πH
(n−2)/2
+
2k(n−1)/2
. (4.18)
From the above, and noting H
(1)
ν (z) ∼ z−ν for z → 0, we see that ETij , which represents the effective anisotropic
stress, dominates over the other components for k|η| → 0, i.e., on super Horizon scales, though its physical
amplitude (ETij/a
2) decays as 1/a.
As for the effective energy density induced by the radion, it decays rapidly as a−3. However, it may be said
that the decay rate is not fast enough in the following sense. Since Eµν is traceless and conserved at the linear
perturbation order, one can regard it as the energy momentum tensor of a radiation-like fluid. If it should
behave exactly as radiation, the energy density would decay as a−n instead of a−3. Of course the decay rate
a−3 does not mean Eµν behaves as a dust matter. The fact that the decay rate is slower than the standard
radiation fluid (for n ≥ 4) is caused by a strong anisotropic stress present in the case of radion. Thus, in this
sense, the instability of radion indeed shows up on the brane, but the effect turns out to be rather mild because
of the nature of de Sitter space in which the background energy density remains constant in time. We defer the
detailed discussions on this point to Appendix C.
To summarize, we conclude that the instability of the quantum radion induces a large anisotropic stress on
the brane, but because of the rapid expansion of the brane it is not strong enough to give rise to a gravitational
instability on the brane.
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V. COSMOLOGICAL EFFECT OF QUANTUM RADION
In the previous section, we have seen that the quantum radion fluctuations do not cause a gravitational
instability on the brane. However, this does not necessarily mean the effect is always small. In particular, if
the rms value of the effective energy density due to the radion field is comparable to the background vacuum
energy density of the de Sitter brane, the evolution of the brane will be significantly affected. If we regard
our background to represent a braneworld undergoing cosmological inflation, this would imply a significant
modification of the braneworld inflationary scenario. In this section, assuming the positive tension brane
describes our universe, we consider the cosmological constraints arising from the effect of the radion quantum
fluctuations.
To quantify the effect, we consider the power spectrum of the effective energy density,
ρE :=
1
κ2n
E00 . (5.1)
Focusing on the positive tension brane, we define the power spectrum Pn(k) of ρE normalized by the background
energy density ρΛ = 3H
2
+/κ
2
n as
〈(ρ̂E)2〉
(ρΛ)2
=
Sn−1
(2π)n−1
∫
dk
k
kn−1Pn(k) , (5.2)
where Sn−1 is the surface area of the (n− 1)-dimensional unit sphere; Sn−1 = 2πn/2/Γ(n/2). We find
kn−1Pn(k)=
2πκ2nH
n−2
+ (H+ℓ)
n−2
9(n− 1)(n− 2)2N(n−2)K cosh z+
(−kη)n+3|H(1)(n−3)/2(−kη)|2
−→
(−kη)→0
2πκ2nH
n−2
+ (H+ℓ)
n−2
9(n− 1)(n− 2)2N(n−2)K cosh z+
2n−3|kη|6
Γ (n− 1/2)2 . (5.3)
Let us introduce the density parameter ΩE for the rms effective energy density of the radion field as
ΩE :=
√
〈(ρ̂E)2〉
ρΛ
, (5.4)
which is obtained by integrating kn−1Pn(k) over k and taking the square root of it. When ΩE is comparable
to, or larger than the order of unity, the fluctuation of the brane is non-negligible. If we integrate the above
over k, we encounter the divergence from large k. However, this ultraviolet divergence is the same as the usual
one in the Minkowski background. Hence, to discard the divergence, we cut off the integration at the Hubble
horizon scale; k = kH = 1/|η|. The result is
ΩE=
√
Sn−1
6(2π)n−1
kn−1P (k)
∣∣∣
k=1/|η|
=
n=4
2
135
√
2
π cosh z+(cosh z− − cosh z+) (κ4H+)(H+ℓ) . (5.5)
Here and below we fix the dimensions to n = 4. Note that H+ℓ = sinh z+ is the ratio of the AdS5 curvature
radius to the dS4 curvature radius, and κ
2
4 = κ
2 cosh z+/ℓ. If we introduce the 4-dimensional Planck scale in
the single flat brane limit, ℓpl = κ4/
√
cosh z+, we have the well-known relation, ℓ
2
pl = ℓ
3
5/ℓ. Below we assume
ℓpl is the present-day Planck length in our universe.
To discuss the cosmological constraints, it is convenient to introduce the 5-dimensional gravitational length
scale ℓ5 = κ
2/3. In terms of ℓ5, Eq. (5.5) is re-expressed as
ΩE =
2
135
√
2
π
1√
cosh z− − cosh z+
(H+ℓ)
2
(
ℓ5
ℓ
)3/2
. (5.6)
We see that the quantum radion effect will be negligible if
cosh z− − cosh z+ >∼ (H+ℓ)2
(
ℓ5
ℓ
)3/2
. (5.7)
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Given the ratios H+ℓ and ℓ5/ℓ, this constrains the value of H− to be larger than a critical value,
√
1 + (H−ℓ)2 >∼
√
1 + (H+ℓ)2 + (H+ℓ)
2
(
ℓ5
ℓ
)3/2
. (5.8)
Since ℓ5 is the fundamental scale of the 5-dimensional theory, it is natural to assume ℓ5 <∼ ℓ; otherwise the
whole system will be in the quantum gravitational regime. Note that (ℓ5/ℓ)
3 = (ℓpl/ℓ)
2. With this assumption,
let us consider the following two limiting cases.
(a) H+ℓ≪ 1:
In this case, Eq (5.8) is satisfied for practically all values of H− > H+ except for the range very close to
H+, that is, the constraint becomes
H−
H+
− 1 >∼
(
ℓ5
ℓ
)3/2
. (5.9)
(b) H+ℓ≫ 1:
In this case, we have
H−
H+
− 1 >∼ (H+ℓ)
(
ℓ5
ℓ
)3/2
. (5.10)
Using the equality (ℓ5/ℓ)
3/2 = ℓpl/ℓ, the right hand side is rewritten as H+ℓpl. For any reasonable scenario
of inflation, we must have H+ℓpl ≪ 1. Hence the constraint on the value of H− is very mild in this case
as well.
Thus, with the assumptions that H+ℓpl ≪ 1 and (ℓ5/ℓ)3 = (ℓpl/ℓ)2 <∼ 1, the constraints obtained in the above
two cases can be concisely expressed as
ln
(
H−
H+
)
>∼ (1 +H+ℓ)
ℓpl
ℓ
. (5.11)
To summarize, as far as the quantum radion fluctuations are concerned, the negative tension brane can be very
close to the positive tension brane, even within a distance smaller than the AdS5 curvature radius.
VI. SUMMARY AND DISCUSSION
In this paper, taking up the Randall-Sundrum type two-brane scenario in an (n+ 1)-dimensional spacetime,
we have investigated the quantum fluctuations of the relative displacement of the branes, which we called
the quantum radion. We have considered the cases of the flat two-brane and de Sitter two-brane systems
simultaneously. Adopting the so-called Randall-Sundrum gauge, we have first solved the linear gravitational
perturbation equations that describe the radion mode.
Then assuming the perturbation of the form with a fixed z-dependence that solves the gravitational equation
in the z-direction, where z is the extra-dimensional coordinate orthogonal to the branes, we have derived the
effective action for the radion. With the effective action at hand, we have quantized the radion assuming the
radion state is the Bunch-Davis vacuum.
We have analyzed the effect of the quantum radion on the brane using the effective Einstein equations derived
by Shiromizu, Maeda and Sasaki [18] in which the radion adds an effective energy-momentum tensor at the
linear order in the field amplitude. Although the radion has the negative mass squared −nH2 on the de Sitter
brane where H is the Hubble parameter, we have found that the corresponding instability does not show up
on the brane. We have noted, however, that the anisotropic stress induced by the radion is unusually large,
though it still decays in time as a−1 for a fixed k, where a is the cosmic scale factor and k is the comoving
wavenumber, and the rms value of the effective energy density for a fixed k decays as a−3 irrespective of the
spacetime dimensions n.
Focusing on the positive tension de Sitter brane with the Hubble rate H+, which models the braneworld
inflation, we have estimated the rms total energy density of the quantum radion by integrating over k up to
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aH+. We have introduced the density parameter ΩE which describes the relative magnitude of the radion energy
density to the background energy density, and discussed the condition ΩE ≪ 1 on the model parameters. For
H+ℓpl ≪ 1 and ℓ5 <∼ ℓ, which are reasonable to assume for the background to be not in the quantum regime, we
have found that practically any choice of the location of the negative tension brane is allowed. This implies the
quantum radion does not seriously affect the braneworld inflation scenario, at least at the linear perturbation
order.
The most intriguing question remained now is if the analysis here at the order of the linear perturbation
level is sufficient. Naively, one may regard the effective action of the radion we have obtained as a piece to
be added to the total effective action for an effective 4-dimensional theory that includes the gravity. Then the
variation of the radion effective action with respect to the 4-metric will give the energy-momentum tensor of a
scalar field with a negative mass squared, which would grow and diverge in contrast to the decaying effective
energy-momentum tensor we analysed in this paper. However, such an energy-momentum tensor is quadratic
in the radion, which is beyond the accuracy of our analysis at the linear-order perturbation level. We do need
to investigate the higher order perturbation to truly see the effect of the quantum radion on the brane. This
issue is left for future study.
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APPENDIX A: EFFECTIVE ACTION OF RADION DERIVED AND COMPARED
In this appendix, we give an outline of the derivation of the action given in Eq. (4.2) and compare it with the
effective actions of radion derived in [20,13]. The action is obtained by substituting the results in Eq. (3.25) into
the action of the system given in Eq. (4.1). Note that γµν denotes the metric of the n-dimensional space-time
with a constant curvature K and Dµ the covariant derivative with respect to γµν . We do not demand ϕ˜(xµ) to
satisfy the field equation (3.26), so that the degree of freedom associated with the brane fluctuation remains.
We first substitute the results given in Eq. (3.25) into the bulk actions IR−2Λ,1 and IR−2Λ,2 of Eq. (4.1).
Carrying out the calculation with the help of the commutation rule,
[DµDν −DνDµ]ωρ = 2Kγµ[ργν]σωσ , (A1)
results in vanishing of all the second-order terms except for the terms that can be cast into the surface term on
Σ±. Thus, to the second order in ϕ˜, the action (4.1) is found to have support only on Σ±:
I(2) = I
(2)
Σ+
+ I
(2)
Σ−
;
I
(2)
Σ±
=
1
κ2
∫
Σ±
dnx
√−q
[
− 1
2
kˆµνhµν +
1
2
kˆ σσ h+ hµνϕ
|µν − hb−2✷nϕ− (n− 1)b−2Khϕ
+
1
2
b−2σ±κ
2
(−ϕ✷nϕ− nKϕ2) ] ; kˆµν := 1
2
b2∂r
(
b−2hµν
)
. (A2)
Note that ϕ here is defined as the displacement of the corresponding brane measured from the side of smaller
values of r, that is,
ϕ|Σ± = ±L(z±;α)ϕ˜ . (A3)
Here, it is worth noting that the above action I(2) is different from the one obtained in [5] (see Eq. (A.19)).
This is because the above action I(2) is obtained by substituting a particular form of the metric to the action
of the system, while the action of [5] is constructed without any restriction on the metric. The particular form
of the metric in Eq. (3.25) solves the equation of motion in z-direction, and thus already extremize the action
in the z-direction. Therefore, I(2) is an action to be maximized in the xµ-directions only, which is to give the
equation of motion for hµν as a function of ϕ(x
µ). Meanwhile, the action obtained in [5] is an action to be
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maximized in both the z−direction and xµ-directions independently to give the equations of motion for both
hµν and ϕ [19].
Let us define Lh and Lϕ as
Lh := −kˆµνhµν + kˆ σσ h+ hµνϕ|µν − hb−2✷ϕ− (n− 1)b−2Khϕ
Lϕ := 1
2
(
hµνϕ
|µν − hb−2✷ϕ− (n− 1)b−2Khϕ
)
+
1
2
b−2σ±κ
2
(
− ϕ✷ϕ− nKϕ2
)
. (A4)
Then I
(2)
Σ±
is express as
I
(2)
Σ±
=
1
κ2
∫
Σ±
dnx
√−q
[
1
2
Lh + Lϕ
]
.
We find that the variation of Lh with respect to hµν gives the boundary condition of hµν on the brane, while
that of Lϕ with respect to ϕ gives the equation of motion for ϕ.
With the substitution of Eq. (3.25) to I
(2)
Σ±
, Lh vanishes and only Lϕ remains. Using the commutation rule
(A1), Lϕ is simplified to give
I(2) = I
(2)
Σ+ + I
(2)
Σ− =
(n− 1)ℓn−2
κ2
∫
dnx
√−γ
(
b−∂zu
(2)(z−)− b+∂zu(2)(z+)
)
ϕ˜
[
(✷+ nK)
]
ϕ˜ ,
which is Eq. (4.2).
The effective action for the radion has been derived previously by Chiba [20] and by Chacko and Fox [13] in
the longitudinal gauge. However, in our opinion, there seems to exist some subtleties in their derivations that
may be worth clarified, apart from the difference in the choice of gauge. We therefore compare their derivations
with ours.
First, we need to transform the metric perturbation in Eq. (3.25), which is given in the RS gauge, to that in
the longitudinal gauge in which the locations of the branes are unperturbed, hrµ = 0 and hµν ∝ γµν . With the
coordinate transformation of the form,
r → r − L(z;α)ϕ˜ , xµ → xµ − {αℓJ + ψ(2)n }ϕ˜|µ , (A5)
we obtain the metric perturbation in the desired gauge:
hrr = −2(n− 2)(b/ℓ)2−nϕ˜ , hrµ = 0 , hµν = 2b2(b/ℓ)2−nϕ˜γµν . (A6)
Let us first consider Chiba’s effective action of radion given in Eq. (14) of [20]. The metric ansatz Chiba uses
to derive the action is
ds2 = h2,rdr
2 + e−2khg¯µνdx
µdxν ; h = r + f(xµ)e2kr , (A7)
in which g¯µν is a general 4-dimensional metric that depends solely on x
µ. Here, the coordinate z in his paper is
replaced with the coordinate r to avoid confusion. Linearizing the metric (A7) with respect to f(xµ), it reduces
to the metric perturbation of the form (A6) with the following correspondence between his notation and ours:
xµ ↔ ℓxµ , k ↔ ℓ−1 , f(xµ)↔ −ℓϕ˜(xµ) , g¯µν ↔ γµν , (A8)
where we have fixed n = 4. (It may be noted that Eq. (A7) can be extended to the general n dimensions simply
by replacing h = r + f(xµ)e2kr with r + f(xµ)e(n−2)kr in the case of K = 0.) With the above correspondence,
we find his result, when linearized, does not agree with ours.
Let us examine where the difference comes from by following his derivation. Substituting the decomposition
of the Ricci scalar of the metric (A7),
R[g] = −20k2 + e2khR[g¯] + 6k2e4kr+2khh−1,r (−1 + 2kfe2kr)∇ρf∇ρf + (total divergence term in xµ) , (A9)
into his starting action of the system, Eq. (1) of [20], and integrating it with respect to r, we obtain
12
SC = 2
∫
d4x
√−g(+){5kM3(α−2e−4(α−1)kf − 1) + M3
2k
(
1− 1
α
e−2(α−1)kf
)
e2kfR[g¯]
−3kM3(α− 1)(∇(+)f)2 − 3kM3(α−2e−4(α−1)kf − 1)
}
−σ(+)
∫
d4x
√−g(+) − σ(−) ∫ d4x√−g(−) , (A10)
where the following correspondence is understood:
g(±)µν ↔ q±µν , M3 ↔ κ−2 , α↔ (ℓ/b−)2 , σ(±) ↔ σ± ,
(
Λ↔ Λn+1/(2κ2)
)
. (A11)
Comparing the action (A10) with Eq. (5) in [20], it seems that the first term 5kM3(α−2e−4(α−1)kf − 1) is
missing there, which comes from the integration of the Ricci scalar of the background RS bulk spacetime, −20k2
in Eq. (A9). Furthermore, if the correspondence (A11) we deduced is correct, the values of the brane tensions
σ(±) = ±3M3k as stated in Eq. (3) of [20] are wrong by the factor 2; i.e., the correct values are σ(±) = ±6kM3.
Besides, in his starting action where the integral with respect to the extra dimension is given by twice the
integral over r in the range (0, rc), that is, from the positive tension brane to the negative tension brane, the
geometrical boundary terms of the bulk spacetime, IK,1 and IK,2 as in our action of the system in Eq. (4.1),
should be added.
With these corrections we find
SC(σ(±) → ±6kM3) + IK,1 − IK,2
= 2
∫
d4x
√−g(+){M3
2k
(
1− 1
α
e−2(α−1)kf
)
e2kfR[g¯]− 3kM3(α− 1)(∇(+)f)2
}
,
where we have used the fact that Kµν = −ke−khg¯µν . Since our effective action of the radion is obtained by
fixing g¯µν = ηµν , the action to be compared is
SC(σ(±) → ±6kM3, g¯µν → ηµν) + IK,1 − IK,2 = 2
∫
d4x
√−g(+){− 3kM3(α− 1)(∇(+)f)2} . (A12)
Using Eqs. (A8) and (A11) and the correspondence N2K ↔ (α − 1)/2 which follows from them, we find that
the above action agrees with our result.
Let us next consider the derivation by Chacko and Fox and their result. The correspondence between their
notation and ours are
GMN ↔ gab , G¯µν ↔ qµν , M3 ↔ (4κ2)−1, ΛB ↔ Λ5/κ2 , Λ¯0 ↔ σ+ , Λ¯A ↔ σ− ,
α↔ 2ℓ−1 , H ↔ 1 , f ↔ b2 , ψ ↔ 2ℓ2ϕ˜ , gµν ↔ γµν , (A13)
from which we deduce ∫ a
0
dr′f−1 ↔ ℓ−1N2K . (A14)
Using the above correspondence, we find that their result given in Eq. (34) of [13] exactly agrees with ours.
There is, however, a slight subtlety which may be worth pointing out. It is the following. Chacko and Fox
state that they work in the compact extra dimension with Z2 symmetry. Therefore there is no need to introduce
the geometrical boundary terms in the action. In fact, the form of the linearized action given by Eq. (33) of [13]
is clearly free from such terms. However, if we perform the integral over r of the linearized action, there appear
contributions from the branes due to the curvature singularities. The interesting fact is that the contributions
cancel out with those from the tension terms in the longitudinal gauge. Perhaps it is related with the fact that
the coordinated locations of the branes are unperturbed in the longitudinal gauge. This implies that one may
arrive at the correct answer by simply ignoring the singular contributions from the branes and simultaneously
the tension terms, and then integrating the linearized action only over the bulk between branes.
In the present paper, we took a different approach. That is, we divided the covering space of the bulk into
the two patches bounded by the branes. This division requires the additional geometrical boundary terms for
each patch to the action of the system. If we apply our method to their starting action, Eq. (1) of [13], it is
rewritten as
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SCF = 2
∫ r=a
r=0
d4x
√−G(2M3R− ΛB)−
∫
r=0
d4x
√
−G¯Λ¯0 −
∫
r=a
d4x
√
−G¯Λ¯A
+2
∫
r=0
d4x
√
−G¯ (4M3K)− 2
∫
r=a
d4x
√
−G¯ (4M3K) , (A15)
where Kµν is the extrinsic curvature of the r-constant hypersurface defined with the normal vector pointing
toward the increasing direction of r. Apart from the difference in notation as expressed in the above, this
form of the action is the one we used as the starting point of our calculation. See Eq. (4.1). Substituting the
perturbation given in Eq. (A6) into the above action, we find that the terms arising from the first integral in
Eq. (A15) that can be cast into the total divergence form cancel out with the perturbation of the last four terms
of Eq. (A15), i.e., the tension terms and the geometrical boundary terms. This cancellation gives the same form
of action as the one in their Eq. (33) by restricting the integral only over the bulk, and consequently leads to
their final result, Eq. (34).
APPENDIX B: EFFECTIVE BRANS-DICKE PARAMETER
In this appendix, we derive the effective Brans-Dicke parameter on the n-dimensional positive tension brane
with curvature K = 0, 1.
The action for the Brans-Dicke theory in the n-dimensional space-time is
I =
1
16πGn
∫ √−q dnx [Ψ((n)R− 2Λ)−Ψ−1ωBD qµν∂µΨ∂νΨ]+ ∫ √−q dnxLm (B1)
where qµν is the metric of the n-dimensional space-time, ωBD is the Brans-Dicke parameter, and Lm is the
Lagradian density of matter fields. Let Ψ(xµ) = f0 exp[W (x
µ)]. Then, the equations of motion linearized in
W (xµ) are
(n)Gµν + Λqµν =
8πGn
f0
τµν + [DµDν − qµν✷q]W (xµ) , (B2)
f0✷qW (x
µ) =
1
n− 1 + (n− 2)ωBD (8πGnτ − 2Λf0) , (B3)
where τµν is the energy-momentum tensor that arises from Lm. Using Eq. (B3), Eq. (B2) can be put into the
following form:
(n)Gµν +
n− 2
n
n− 1 + nωBD
n− 1 + (n− 2)ωBDΛ qµν
=
8πGn
f0
(n− 2)ωBD
n− 1 + (n− 2)ωBD τµν +
8πGn
f0
n− 1
n− 1 + (n− 2)ωBD τ¯µν +
[
DµDν − 1
n
qµν✷q
]
W (xµ) (B4)
where τ¯µν := τµν − (1/n)qµντ .
To obtain the effective Einstein equations on the positive tension brane for the energy density small compared
with the tension of the brane, we substitute Eq. (3.8) of [5] into Eq. (2.2) of this paper. The result is
(n)Gµν + Λnqµν = κ
2
nτµν +
(ℓ/b+)
n−2κ2
2ℓN(n−2)K
τ¯µν +
(ℓ/b+)
n−2
ℓN(n−2)K
[
DµDν − 1
n
qµν✷q
]
φ . (B5)
Comparing Eq. (B4) with Eq. (B5), we find that the effective gravity on the brane takes the Brans-Dicke
form with the following identifications:
κ2n =
8πGn
f0
(n− 2)ωBD
n− 1 + (n− 2)ωBD ,
(ℓ/b+)
n−2κ2
2ℓN(n−2)K
=
8πGn
f0
n− 1
n− 1 + (n− 2)ωBD (B6)
(ℓ/b+)
n−2
ℓN(n−2)K
φ =W (xµ) . (B7)
Eliminating f0 from Eq. (B6), we obtain
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ωBD = (n− 1) cosh
√Kz+
(sinh
√Kz+/
√K)n−2N(n−2)K , (B8)
while eliminating ωBD from Eq. (B6), we obtain
8πGn =
κ2ℓ−1
2
[
(n− 2) cosh
√
Kz+ + 1
N(n−2)K
(
sinh
√
Kz+/
√
K
)n−2]
(B9)
For K = 1 and n = 4, we have N(n−2)K = cosh z− − cosh z+ and
ωBD = 3
cosh z+
sinh2 z+
N2K , 8πG4 =
κ2ℓ−1
2
[
2 cosh z+ +
sinh2 z+
N2K
]
. (B10)
For K = 0 and n = 4, we have N(n−2)K = (z2− − z2+)/2 and Eqs. (B8) and (B9) recover the result of Garriga
and Tanaka [4].
APPENDIX C: Eµν A` LA COSMOLOGICAL PERTURBATION THEORY
In this appendix, we express the effect of the radion on the brane in the language of cosmological perturbation
theory. We follow the notation of [21]. To begin with, we list a few important facts to be kept in mind:
(a) The background is de Sitter space-time.
(b) τEµν = −Eµν/κ2n is gauge-invariant as it is.
(c) τEµν is traceless.
The points (a) and (b) are somewhat related. As long as the background bulk spacetime is anti-de Sitter,
the point (b) is always true. Independent of this fact, from the brane point of view, the matter perturbation
variables are automatically gauge-invariant on the pure de Sitter space. For example, if we consider the density
perturbation, the gauge transformation law for δρ is given by
δρ→ δρ = δρ+ (n− 1)aH(ρ+ p)T , (C1)
where T is the gauge function describing the shift in the time coordinate; η → η¯ = η + T . Thus the density
perturbation on exactly de Sitter space where ρ+p = 0 is always gauge-invariant, and the same is true for all the
matter perturbation variables. It should be noted, however, this special property of the de Sitter background can
lead to an erroneous result if one tries to consider the perturbation in a gauge specified by conditions involving
the matter variables. We shall come back to this issue later. For the moment, what we can claim is that the
gauge-invariance is guaranteed provided one considers the perturbations in a class of gauges whose conditions
involve only the geometrical variables such as the metric. Let us call this class of gauges the geometrical gauges.
First we introduce the matter perturbation variables:
δT 00 = −ρ δ(η)Y (xi) , δT 0j = ρ q(η)Yj(xi) ,
δT ij = P πL(η)δ
i
j Y (x
i) + PπT (η)Y
i
j(x
i) , (C2)
where Y (xi), Yi(x
i) and Yij(x
i) are the spatial harmonics satisfying
(DkDk + k2)Y (xi) = 0 , Yi(xi) := −k−1DiY (xi) , Yij(xi) := k−2
[
DiDj − 1
3
σijDkDk
]
Y (xi) , (C3)
and δT µν is just the effective radion energy momentum tensor,
δTµν = τ
E
µν = −
1
κ2n
Eµν . (C4)
Note that the usual velocity perturbation, v = ρq/(ρ + P ), cannot be defined because of ρ + P = 0 on the
background. Also note that the traceless nature of τEµν implies πL = −δ/(n−1). As for the metric perturbation,
we introduce the variables as
15
hµνdx
µdxν = −2a2AY dη2 − 2a2BYjdηdxj + a2 [2HLδij + 2HTYij ] dxidxj , (C5)
where we have chosen the spatially flat chart of the de Sitter space.
As noted above, the choice of gauge is irrelevant as long as we choose a geometrical gauge. The perturbation
equations are then derived by simply writing down the energy momentum conservation law δT µν ;ν = 0 on the
unperturbed background. Therefore, for definiteness, let us choose the Newton (or longitudinal) gauge in which
the shear of the constant time hypersurfaces vanishes, i.e., k−1H ′T −B = 0, and denote the matter variables in
this gauge as
δ = −(n− 1)πL = ∆s , q = Qs , πT = Π . (C6)
Adopting the scale factor a as the time variable, we find
a
d
da
∆s + n∆s = − k
aH
Qs , (C7)
a
d
da
Qs + nQs =
k
aH
(
1
n− 1∆s +
n− 2
n− 1Π
)
. (C8)
These equations can be combined to give a second order equation for ∆s,
a2
d2
da2
∆s + 2(n+ 1)a
d
da
∆s +
(
1
n− 1
k2
a2H2
+ n(n+ 1)
)
∆s = −n− 2
n− 1
k2
a2H2
Π. (C9)
We see from the above equation that if there were no anisotropic stress Π, then ∆s ∝ a−n or a−(n+1) after
horizon-crossing. However, in the present case, we have Π ∝ k2a−2ψ ∝ ka−1. This slow decay rate of the
anisotropic stress acts as a source to the energy density ∆s. With Π ∝ ka−1, the right hand side of Eq. (C9)
behaves as k3a−5, which implies ∆s ∝ k3a−3 (for n > 3). The behavior of Qs is found as Qs ∝ k2a−2. To be a
bit more precise, the leading order behaviors of ∆s, Qs and Π are given by
∆s = − C
(n− 1)(n− 3)
(
k
aH
)3
, Qs =
C
n− 1
(
k
aH
)2
, Π = C
(
k
aH
)
, (C10)
where C is a constant. These results are of course fully consistent with those obtained in the main text,
Eq. (4.15). Thus one may say that this unusual behavior of ∆s is caused by the large (though decaying)
anisotropic stress.
It is instructive to re-express the above result in the so-called comoving gauge in which the η =constant
hypersurfaces are chosen in such a way that
δT 0j = ρ q Yj = 0 . (C11)
Note that this condition involves the matter variable q. A peculiarity of the comoving gauge is that the
density perturbation in this gauge is not equal to ∆s, although the matter perturbation variables should be
gauge-invariant on the pure de Sitter space-time as noted above. The density perturbation on the comoving
hypersurface, which we denote by ∆, is related to ∆s as [21]
∆ = ∆s + (n− 1)aH
k
Qs . (C12)
One immediately sees from Eq. (C10) that the Qs term dominates and the leading order behavior of ∆ is given
by
∆ = C
k
aH
, (C13)
which decays much slower than ∆s. The cause of this seemingly inconsistent result is the comoving gauge
condition (C11) which forces q to be zero. As q is a gauge-invariant quantity, this condition would never be
fulfilled and thus the comoving slice does not exist. In fact, it is straightforward to show that all the metric
perturbation variables are ill-defined in the comoving gauge. Therefore, although the variable ∆ is well-defined
as in Eq. (C12), this ∆ does not represent a density perturbation in any gauge.
Let us analyze the behaviors of the metric perturbation variables in the Newton gauge. Although not essential,
for simplicity, we take HT = 0 which implies B = 0. We denote the metric variables in the Newton gauge by
16
A = Ψ , HL = Φ , (C14)
Then the (0, µ)-components and the traceless part of the (i, j)-components of the Einstein equations give [21]
(n− 2)k
2
a2
Φ = κ2n ρ∆ = 3H
2∆ ,
(n− 3)Φ + Ψ = −κ2n
a2
k2
PΠ = 3
(
aH
k
)2
Π . (C15)
Inserting the leading behaviors of ∆ and Π given above to these equations, we find
Ψ = Φ =
3
n− 2
(
aH
k
)
. (C16)
One may find it a bit surprising that these variables grow as a, seemingly indicating an instability. The resolution
is that the Newton gauge is not really a good gauge. One should examine if there is a different choice of gauge
in which the metric perturbations behave regularly, and there exists indeed such a gauge. By the shift of the
time slice η → η¯ = η + T , A and HL transform as
A→ A¯ = A−H d
da
(aT ) , HL → H¯L = HL −HaT . (C17)
Then it is easy to see that the leading terms of Φ and Ψ are simultaneously eliminated by T = Φ/(aH) =constant.
Thus the above apparent instability is just a reflection of the bad choice of gauge.
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